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W is in sk i ,  D ennis Edmund, M.A., June  10, 1979 P h y s ic s
M u l t ip le  C o u lo m b -S c a t te r in g  in  M u l t iw ire  P r o p o r t i o n a l  Chambers 
( i v  + 47 p p .)
D i r e c t o r :  Mark J .  Jakobson
The problem  o f  m u l t i p l e  s c a t t e r i n g  o f  IQOMeV p io n s  in  th e  w ire s  
o f  a m u l t iw ir e  p r o p o r t i o n a l  chamber i s  exam ined . A method o f  
c a l c u l a t i n g  th e  m u l t i p l e  s c a t t e r i n g ,  u s in g  t h e o r e t i c a l  c o n s i d e r ­
a t i o n s ,  i s  p r e s e n t e d .  I t  i s  h y p o th e s iz e d  t h a t  th e  s c a t t e r i n g  o f  
th e  f r a c t i o n  o f  th e  i n c i d e n t  beam t h a t  a c t u a l l y  s t r i k e s  th e  w ire s  
may be c l o s e l y  ap p ro x im a ted  by s c a t t e r i n g  th e  same f r a c t i o n  o f  
th e  p io n s  in  a f o i l  o f  e q u i v a l e n t  t h i c k n e s s ,  t e q u iv -  T h is  e q u iv ­
a l e n t  th i c k n e s s  i s  t a k e n  to  be th e  av e rag e  th ic k n e s s  t h a t  i s  en ­
c o u n te re d  by a p io n  as i t  goes th ro u g h  a w i re .
The h y p o th e s i s  i s  t e s t e d  by means o f  two Monte C a r lo  FORTRAN 
prog ram s. One program  s im u la te s  m u l t i p l e  s c a t t e r i n g  in  a w ire ,  
th e  o th e r  s im u la te s  m u l t i p l e  s c a t t e r i n g  in  a f o i l  o f  t h i c k n e s s  
tg q u iv *  The s a l i e n t  c h a r a c t e r i s t i c s  o f  th e  programs a r e  d e ­
s c r ib e d  and program  l i s t i n g s  a r e  g iv e n .
R e s u l t s  o f  th e  Monte C ar lo  s i m u la t i o n  show good ag reem ent b e ­
tween th e  w ire  and th e  e q u i v a l e n t - t h i c k n e s s  f o i l  f o r  l a r g e - a n g l e  
s i n g l e  s c a t t e r i n g ,  and f a i r  ag reem ent in  th e  m u l t ip l e  and p l u r a l  
s c a t t e r i n g  r e g i o n s .  The d i f f e r e n c e  betw een th e  w ire  m u l t i p l e -  
s c a t t e r i n g  d i s t r i b u t i o n  and t h a t  o f  th e  f o i l  i s  t h a t  th e  G au ss ia n  
p o r t i o n  o f  th e  w ire  d i s t r i b u t i o n  i s  more s h a r p ly  peaked th a n  t h a t  
o f  th e  f o i l .
The e q u i v a l e n t - t h i c k n e s s  f o i l  i s  judged  t o  be a good approx im a­
t i o n  fo r  th e  w ire s  i n  a m u l t iw ir e  p r o p o r t i o n a l  chamber f o r  a n a ly ­
s i s  o f  th o se  e x p e r im e n ts  where s c a t t e r i n g  a n g le s  o f  l e s s  th a n  a 
few m i l l i r a d i a n s  a r e  n o t  o b s e rv e d .
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1. INTRODUCTION
Any ch arg ed  p a r t i c l e  t r a v e l i n g  th ro u g h  m a t t e r  undergoes  many
s u c c e s s iv e  s c a t t e r i n g s  which change i t s  d i r e c t i o n  and e n e r g y .  The
p red o m in an t ty p e  o f  s c a t t e r i n g  i s  t h a t  due to  th e  Coulomb f o r c e .  The
p assa g e  o f  c h arg ed  p a r t i c l e s  th ro u g h  m a t t e r  has  been  o f  c o n s id e r a b l e
1
im p o r tan ce  i n  p h y s ic s  e v e r  s in c e  th e  ex p e r im en ts  o f  R u th e r fo rd  , in
which th e  n u c leu s  o f  th e  atom was d is c o v e re d  in  a l p h a - p a r t i e l e  s c a t -
2
t e r i n g  e x p e r im e n t s .  Thomson had p o s t u l a t e d  a model o f  th e  atom in  
which e l e c t r o n s  were l o c a t e d  w i th in  a c o n t in u o u s  d i s t r i b u t i o n  o f  p o s i ­
t i v e  c h a r g e .  A ch a rg ed  p a r t i c l e  p a s s in g  th ro u g h  Thom son's atom  would 
be d e f l e c t e d  by o n ly  a sm a l l  amount. I t  would be im p o s s ib le  fo r  
l a r g e - a n g l e  s c a t t e r i n g  to  o ccu r  a s  th e  r e s u l t  o f  a s i n g l e  c o l l i s i o n .  
L a rg e -a n g le  s c a t t e r i n g  co u ld  o n ly  be th e  r e s u l t  o f  many s m a l l - a n g le  
s c a t t e r i n g  e v e n t s .  The r e s u l t i n g  a n g u la r  d i s t r i b u t i o n  f o r  m u l t i p l e -  
s c a t t e r e d  p a r t i c l e s  u s in g  such  a model can be shown to  be a G a u ss ia n  
(norm al)  d i s t r i b u t i o n .  R u th e r fo rd  found many more s c a t t e r s  o f  l a r g e  
a n g le  th a n  would have been  e x p e c te d  on th e  b a s i s  o f  th e  Thomson m odel, 
and p roposed  a model o f  th e  atom which had a sm a l l  p o s i t i v e  m ass iv e  
n u c leu s  su rro u n d ed  by much l i g h t e r  e l e c t r o n s .  R u th e r fo rd  d e r iv e d  a 
d i f f e r e n t i a l  c r o s s  s e c t i o n  f o r  th e  e l a s t i c  s c a t t e r i n g  o f  c h a rg ed  p a r ­
t ic le s  under th e  in f l u e n c e  o f  a Coulomb f o r c e .  Th is  c r o s s  s e c t i o n  was 
found t o  g iv e  an  e x c e l l e n t  d e s c r i p t i o n  o f  s c a t t e r i n g  a t  l a r g e  a n g l e s .  
However i t  was n o t  s a t i s f a c t o r y  in  c a l c u l a t i n g  s m a l l - a n g le  s c a t t e r i n g .  
The R u th e r f o r d  d i f f e r e n t i a l  c ro s s  s e c t i o n  becomes i n f i n i t e  a t  z e r o ,  
and when i n t e g r a t e d  y i e l d s  an  i n f i n i t e  t o t a l  c r o s s  s e c t i o n .  And b e in g  
a s i n g l e - s c a t t e r i n g  fo rm u la ,  i t  does  no t a c c o u n t  f o r  m u l t i p l e
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W entze l f i r s t  saw t h a t  m u l t i p l e  s c a t t e r i n g  must a l s o  be con­
s i d e r e d ,  and d e r iv e d  fo rm ulas  f o r  up to  s ev e n  s c a t t e r i n g  e v e n t s .  Sub­
s e q u e n t l y ,  t h e r e  were many t h e o r i e s  o f  v a ry in g  scope  and co m p le ten ess
p ro p o s e d .  A summary o f  th e  v a r io u s  c o n t r i b u t i o n s  t o  m u l t i p l e - s c a t t e r -
4
ing  t h e o r y  i s  g iv e n  by S c o t t  . The m u l t i p l e - s c a t t e r i n g  t h e o r i e s  o f  
M o l iè re ^ ,  and Nigam, S u n d a re san ,  and Wu^ (NSW) a r e  g e n e r a l l y  c o n s id ­
e r e d  t o  g iv e  a com ple te  d e s c r i p t i o n  o f  m u l t i p l e  s c a t t e r i n g .  Many f u r ­
t h e r  c o r r e c t i o n s  and m o d i f i c a t io n s  have been  made such  a s  the  i n e ­
l a s t i c  s c a t t e r i n g  o f  a tom ic  e l e c t r o n s  (F an o ^ ) ,  c e n t e r - o f - m a s s  c o r r e c -
8 , 9
t i o n  (H u n g erfo rd  e t  a l .  ) ,  p o l a r i z a t i o n  e f f e c t s  ( D a l i t z  ) ,  e t c . ,  b u t
th e s e  a r e  m inor m o d i f i c a t i o n s .  M o l i è r e ' s  t h e o r y  d i f f e r s  from t h a t  o f  
Nigam, S u n d a re san  and Wu p r i m a r i l y  in  th e  t r e a tm e n t  o f  th e  e x a c t  form 
o f  th e  s i n g l e - s c a t t e r i n g  law . The r e s u l t s  p r e d i c t e d  by th e  t h e o r i e s  
a g re e  c l o s e l y  w i th  e ach  o th e r  and w i th  e x p e r im e n ta l  d a ta  f o r  a l l  e l e ­
ments w ith  a to m ic  ch a rg e  Z >  5 , even f o r  p r o j e c t i l e  e n e r g i e s  a v a i l a b l e  
in  modern a c c e l e r a t o r s ^ ^ .
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2 , THESIS PROBLEM 
M u l t ip le  S c a t t e r i n g  i n  P a r t i c l e  D e te c to r s  
In  th e  d e s ig n ,  e x e c u t io n  and e v a l u a t i o n  o f  any  e x p e r im en t  i n ­
v o lv in g  th e  s c a t t e r i n g  o f  ch arg ed  p a r t i c l e s ,  th e  e f f e c t s  o f  m u l t i p l e  
s c a t t e r i n g  must be ta k e n  i n t o  a c c o u n t .  T h is  i s  t r u e  o f  no t o n ly  th e  
t a r g e t  m a t e r i a l  i t s e l f ,  b u t  a l s o  o f  in t e r m e d ia t e  p a r t i c l e  d e t e c t o r s ,  
i . e . ,  d e t e c t o r s  th ro u g h  which th e  p a r t i c l e s  must p a s s  b e fo re  a r r i v i n g  
a t  th e  f i n a l  d e t e c t o r .  For th e  s im p le  c a s e  where t h e  t a r g e t  o r  d e ­
t e c t o r  c an  be  t r e a t e d  as  a u n ifo rm  s c a t t e r i n g  medium o f  t h i c k n e s s  t ,  
whose e x t e n t  i n  th e  p la n e  p e r p e n d ic u l a r  t o  t h e  beam d i r e c t i o n  i s  much 
l a r g e r  th a n  th e  beam d ia m e te r ,  th e  m u l t i p l e  s c a t t e r i n g  can  be r e a d i l y  
c a l c u l a t e d  from th e  M o liè re  t h e o r y  a n a l y t i c a l l y ,  o r  can  be s im u la te d  
by a com puter program em ploying m u l t i p l e  s c a t t e r i n g  d i s t r i b u t i o n s .
For c e r t a i n  ty p e s  o f  d e t e c t o r s ,  how ever, t h i s  i s  n o t  th e  c a s e .  
An exam ple i s  th e  m u l t iw i r e  p r o p o r t i o n a l  chamber (MWPC), th e  d e t a i l s  
o f  w hich  can  be found in  Appendix A. The w ire s  i n  t h i s  ty p e  o f  d e ­
t e c t o r  a r e  s m a l l  compared to  th e  beam w id th .  Most p a r t i c l e s  (ab o u t 
99%) do n o t  e n c o u n te r  a w ire  w h ile  t r a v e r s i n g  th e  d e t e c t o r .  The 1% 
t h a t  do s t r i k e  one o f  th e  w ire s  i n  t h e  w ire  p la n e  undergo  m u l t i p l e  
s c a t t e r i n g  in  th e  w i r e .  And ab o u t  1% o f  t h e s e  a r e  a g a in  s c a t t e r e d  in  
one o f  th e  w ire s  in  th e  second w ire  p la n e .  The m u l t i p l e  s c a t t e r i n g  
which o c c u r s  i n  t h e s e  w ire s  (which a r e  long t h i n  c y l i n d e r s )  has  n o t  
b een  c a l c u l a t e d  a n a l y t i c a l l y  b ecau se  o f  th e  d i f f i c u l t y  in  s o lv in g  th e  
p ro b lem  f o r  any b u t  th e  s im p le s t  o f  g e o m e t r i e s ,  nam ely, a l a y e r  o f  
t h i c k n e s s  t  o f  homogeneous m a t t e r .
A lth o u g h  n u m e r ic a l  e v a l u a t i o n  by com puter i s  p o s s i b l e  by t a k in g
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th e  c y l i n d e r  t o  be made o f  a s e r i e s  o f  l a y e r s ,  t h i s  i s  n o t  u s u a l l y  
done in  Monte C a r lo  program s t h a t  a r e  used to  s im u la te  e x p e r im e n t s ,  
b eca u se  th e  co m p le x i ty  and ru n n in g  tim e  o f  t h e  program  would be 
g r e a t l y  in c r e a s e d .  What i s  u s u a l l y  done i s  t o  c o n s id e r  th e  mass o f  
th e  w ire s  to  be u n ifo rm ly  d i s t r i b u t e d  in  th e  p la n e  formed by th e  
w i r e s .  The s t a n d a r d  m u l t i p l e  s c a t t e r i n g  fo rm u las  f o r  a l a y e r  a r e  th e n  
u s e d .  While t h i s  may be a s u f f i c i e n t  a p p ro x im a t io n  fo r  e x p e r im e n ts  
where o n ly  l a r g e - a n g l e  s c a t t e r i n g  i s  o f  i n t e r e s t  ( s i n c e  l a r g e - a n g l e  
s c a t t e r i n g  i s  s i n g l e  s c a t t e r i n g  w hich depends o n ly  on th e  t o t a l  amount 
o f  m a t e r i a l  p r e s e n t )  i t  may n o t  be s u f f i c i e n t  f o r  ex p e r im en ts  when 
d a t a  in  th e  s m a l l - a n g le  r e g io n  a r e  o f  im p o r ta n c e .
The Proposed  S o lu t io n
The i d e a l  s o l u t i o n  to  th e  p rob lem  o f  f i n d i n g  an  e x p r e s s io n  f o r  
m u l t i p l e  s c a t t e r i n g  in  w ire s  would be an  e x a c t  a n a l y t i c  e x p r e s s io n ,  
e i t h e r  in  c lo s e d - fo rm  o r  as  a r a p i d l y  c o n v e rg in g  s e r i e s .  U n fo r tu ­
n a t e l y  t h i s  s o l u t i o n  has n o t  been  made. The n e x t  most d e s i r a b l e  s i t u ­
a t i o n  would be t o  f in d  an  a n a l y t i c  fo rm ula  which would ap p ro x im a te  
th e  w ire  a s  an  e q u i v a l e n t  l a y e r  o f  some th i c k n e s s  in  such  a
way as  to  g iv e  a r e a s o n a b ly  good a p p ro x im a t io n  to  t h e  w ire  n o t  o n ly  
f o r  s i n g l e  ( l a r g e - a n g l e )  s c a t t e r i n g  b u t  a l s o  f o r  m u l t i p l e  and p l u r a l  
s c a t t e r i n g .  (The p l u r a l  s c a t t e r i n g  r e g io n  i s  t h a t  in  which th e  p a r t i ­
c l e  has  s c a t t e r e d  s e v e r a l  t im e s  a t  m odera te  a n g l e s . )
I t  i s  th e  c o n te n t io n  o f  t h i s  t h e s i s  t h a t  th e  b e s t  way t o  a p p ro x ­
im ate  th e  w ire s  i n  a MWPC f o r  t h e  p u rp o se  o f  c a l c u l a t i n g  m u l t i p l e  
s c a t t e r i n g ,  i s  to  ta k e  th e  t h i c k n e s s  o f  th e  e q u i v a l e n t  l a y e r  to  be
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
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^ e q u iv .  ~ 
where r  i s  th e  r a d i u s  o f  th e  w i r e .
Method o f  T e s t in g  th e  Proposed  S o l u t i o n  
In  o r d e r  t o  check  th e  a c c u ra c y  o f  th e  p ro p o sed  s o l u t i o n ,  a 
FORTRAN Monte C a r lo  program  was w r i t t e n  which s im u la t e s  th e  p a s sa g e  o f  
c h a rg e d  p a r t i c l e s  th ro u g h  a f o i l  o f  t h i c k n e s s  t  and th ro u g h  a w ire  o f  
r a d iu s  r .  By com paring th e  d i s t r i b u t i o n  o f  th e  m u l t i p l e - s c a t t e r i n g  
a n g le s  in  th e  w ire  o f  r a d iu s  r  t o  t h a t  o f  a f o i l  o f  t h i c k n e s s  ,
i t  can  be d e te rm in e d  i f  t h i s  t h i c k n e s s  g iv e s  a r e s u l t  c lo s e  to  t h a t  o f  
th e  w i r e .
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3. MOLIÈRE MULTIPLE-SCATTERING THEORY
Only th e  r e s u l t s  o f  M o liè re  m u l t i p l e - s c a t t e r i n g  t h e o r y  w i l l  be 
p r e s e n t e d .  The d e r i v a t i o n s  a r e  too  long  to  be in c lu d e d  h e re  b u t  can  be 
found in  d e t a i l  i n  t h e  S c o t t  r e v ie w  a r t i c l e  . The a ssu m p tio n s  w hich 
a r e  used  a r e  t h e  s t a n d a r d  ones:
(a )  s m a l l  a n g le  a p p ro x im a t io n  ( s i n  6 = 0 ,  cos  0 = 1 ,  i n t e g r a l s  
from 0 to  IT a r e  r e p l a c e d  w i th  ones from 0 to  «> ;
(b )  s c r e e n in g  o f  n u c le u s  by a tom ic  e l e c t r o n s ;
(c )  no s c a t t e r i n g  o f  i n c i d e n t  p a r t i c l e s  by th e  a tom ic  e l e c t r o n s ;
(d )  no c e n te r - o f - m a s s  c o r r e c t i o n  f o r  heavy n u c l e i .
S in c e  th e  i n c i d e n t  p a r t i c l e s  w i l l  be p io n s  (which have ze ro  s p i n ) ,  no 
s p i n  e f f e c t s  need to  be c o n s id e r e d .
The M o liè re  m u l t i p l e - s c a t t e r i n g  d i s t r i b u t i o n s  a r e  F ( 9 , t ) ,  th e  
d i s t r i b u t i o n  f o r  p a r t i c l e s  s c a t t e r e d  i n to  th e  9 - d i r e c t i o n  a f t e r  a 
t h i c k n e s s  t  o f  m a t e r i a l ,  and f (< p , t ) ,  th e  p r o j e c t e d - a n g l e  d i s t r i b u t i o n ,  
which i s  th e  p r o j e c t i o n  o f  F ( 9 , t )  on th e  x -z  p la n e  o r  th e  y -z  p l a n e .  
F ig u re  1 shows th e  r e l a t i o n  betw een  th e s e  a n g l e s .  These d i s t r i b u t i o n  
f u n c t io n s  a r e  g iv e n  by
F(9 , t )  = 2 ^ j^ 2 e " ® ^ + iF i ( s )  + | ^ F 2 ( s ) + . . . j  , (2)
where s = 9/%^B^ , (3 )
and £(<P,t) = 1  f  ^(q) + 1  f 2(q ) + . . .  , (5 )
where q = f , (6 )
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
f n ( q )  = c o s ( q 4 7 ) e x p ( - i ? f ) ( - i ' > i ^ l n i > l ^ ) ^  • ( 7 )
TTnl J ' 4 4 4•*0
The q u a n t i t y  B i s  d e f in e d  by th e  t r a n s c e n d e n t a l  e q u a t i o n
-  -^o » (8 )
B 1 .167
where n  = (9 )
The 1 /e  m u l t i p l e - s c a t t e r i n g  a n g le  i s  g iv e n  byX^B"^ where
( 0 . 3 9 6 z Z ) 6 _ t _  ( r a d ^ )  . (10)
A c^y3
And i s  g iv e n  by
^X2= " X /1 .1 3  + 3.7o(^) , (11)
R / p r ,  , (12)
r^ = 0 .468x10  * Z ® (cm) , (13)
(X = zZ/137/3 , (14)
I n  th e  above e q u a t io n s  t  i s  th e  t a r g e t  t h i c k n e s s  in  cm, A i s  th e  a tom ­
ic  w e ig h t ,  yo i s  t h e  t a r g e t  d e n s i t y  in  g/cm^, pc i s  th e  p a r t i c l e ' s  
momentum i n  MeV, z i s  t h e  c h a rg e  o f  th e  i n c i d e n t  p a r t i c l e ,  Z i s  th e  
ch a rg e  o f  th e  t a r g e t  n u c l e u s ,  and /3 i s  th e  r e l a t i v i s t i c  p a ra m e te r  v / c ,  
where v  i s  th e  p r o j e c t i l e ' s  v e l o c i t y .
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
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i n c i d e n t
d i r e c t i o n
Y
F ig u re  1. 
a n g le s  and .
I l l u s t r a t i n g  th e  s p a t i a l  a n g le  0 and th e  p r o j e c t e d
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4 .  CALCULATION OF THE EQUIVALENT THICKNESS 
The a c t u a l  s i t u a t i o n  t o  be i n v e s i g a t e d  i s  th e  m u l t i p l e  s c a t t e r ­
in g  o f  tt'*’ p a r t i c l e s  i n  a  w ire  o f  r a d i u s  r .  The en e rg y  o f  th e  i n c i d e n t  
p io n  beam i s  100 MeV. The w ire  i s  made o f  t u n g s t e n  and i s  p l a t e d  w i th  
a v e ry  t h i n  l a y e r  o f  g o l d .  S in ce  Z, A, andyO a r e  a l l  a b o u t  t h e  same 
v a lu e s  f o r  tu n g s te n  and g o ld ,  th e  w ire  w i l l  be  t r e a t e d  a s  b e in g  made
o f  t u n g s t e n  o n ly .  The d e n s i t y  f o r  t u n g s t e n  i s  19 .3  g /cm ^. I t s  a to m ic
number i s  Z = 74, and i t s  a tom ic  w e ig h t  i s  A = 183.85 g /mol e .  z f o r
th e  p io n  i s  1 . p and v  a r e  c a l c u l a t e d  from th e  en e rg y  and mass o f  th e
p io n  (m = 139.6  M eV /c^). By s u b s t i t u t i n g  t h e s e  v a lu e s  in to  e q u a t io n s  
(2 )  th ro u g h  (14) i t  can  be s ee n  t h a t  o n ly  an  a p p r o p r i a t e  v a lu e  o f  t  i s  
needed  in  e q u a t i o n  (10) t o  f in d  th e  m u l t i p l e  s c a t t e r i n g  d i s t r i b u t i o n s  
F ( 0 , t )  and f ( < p , t ) .
To d e te rm in e  f o r  a w ire  th e  fo l lo w in g  argum ent w i l l  be
u se d .  To f i n d  th e  a v e ra g e  t h i c k n e s s  t h a t  a p a r t i c l e  t r a v e l s  th ro u g h  
th e  w i re ,  r e p l a c e  th e  w ire  by a s e r i e s  o f  s l a b s  t h a t  a p p ro x im a te  th e  
shape o f  th e  w i r e .  (See F ig u r e  2 . )  The w id th  o f  th e  s l a b  a t  h e i g h t  
i s  tj^ = 2z £ .  From th e  r e l a t i o n
r*  = z^ + (15)
we have ^ i  “ 2y^r^  - x ^ '  . (16)
The a v e ra g e  v a lu e  o f  t ^  i s
' a v g .  '  5  C  '^1 = 5  C  ■ ='1 ' ■ (17)
i  i
where N i s  th e  number o f  s l a b s .  From F ig u r e  2 we se e  t h a t
N = 2 r/A x . (18)
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S u b s t i t u t i o n  o f  (18) i n t o  (17) y i e l d s
N
ta v g .  = 7  - X?- ' Ax . (19)
T aking  th e  l i m i t i n g  c a se  f o r  Ax -*■ 0 ,  we w r i t e  (19) as
- ' -1- /t a v g ,  = “  I - x^ dx , (20)
which upon e v a l u a t i o n  g iv e s
^  + r ^ s i n " \  ^  ) }t  = ia v g .  J.




"av g .  -  . (22)
The v a lu e  t a v g .  e q u a t io n  (22) i s  what we w i l l  ta k e  a s  b e in g
th e  e q u i v a l e n t  t h i c k n e s s  . T h is  v a lu e  sh o u ld  p ro v id e  th e  c o r ­
r e c t  l a r g e - a n g l e  s c a t t e r i n g  s in c e  th e  t o t a l  number o f  s c a t t e r s  f o r  a 
l a r g e  number o f  p io n s  w i l l  be th e  same as  f o r  th e  w i r e .  The s m a l l -  
a n g le  m u l t ip l e  s c a t t e r i n g  sh o u ld  be im proved compared to  th e  a p p r o x i ­
m a t io n  t h a t  d i s t r i b u t e s  th e  mass o f  th e  w ire  u n ifo rm ly  over th e  e n t i r e  
w ire  p la n e ,  b ecau se  i t  more c l o s e l y  a p p ro x im a te s  th e  l a r g e  number o f  
s u c c e s s iv e  s c a t t e r s  t h a t  a c t u a l l y  o ccu r  in  th e  w i r e .
T h is  r e s u l t  i s  e x p e c te d  t o  h o ld  i r r e s p e c t i v e  o f  th e  s i z e  o f  th e  
w ire  s in c e  th e  above r e l a t i o n s h i p  was d e r iv e d  s o l e l y  from g e o m e tr ic  
c o n s i d e r a t i o n s ,  no w ire  s i z e  hav ing  been  assum ed. The m u l t i p l e - s c a t ­
t e r  ing  d i s t r i b u t i o n  o f  th e  w ire  sh o u ld  change on ly  a s  th e  M o liS re  d i s ­
t r i b u t i o n  changes as  a f u n c t io n  o f tg q u ^ y ^ .
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in c I d e n t  




F ig u r e  2 .  Wire app rox im a ted  by N s l a b s  o f  t  by Ax.
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5 .  MULTIPLE-SCATTERING MONTE CARLO PROGRAM 
The Monte C a r lo  Method 
The Monte C a r lo  method i s  a way o f  s o lv in g  a p rob lem  by use  o f  
random sam pling  p r o c e d u r e s ,  when th e  p rob lem  under c o n s i d e r a t i o n  i s  o f  
a s t a t i s t i c a l  n a t u r e .  The m u l t ip l e  s c a t t e r i n g  o f  p a r t i c l e s  in  m a t t e r  
i s  j u s t  t h i s  k in d  o f  s t a t i s t i c a l  phenomenon t h a t  can  be a c c u r a t e l y  d e ­
s c r ib e d  by Monte C a r lo  s im u la t io n .  The FORTRAN program  which was w r i t ­
t e n  to  t e s t  th e  p r e d i c t i o n  o f  C hap te r  2 , fo l lo w s  a p a r t i c l e  a s  i t  p r o ­
g r e s s e s  th ro u g h  th e  f o i l  o r  w i r e .  When th e  p a r t i c l e  has  emerged from 
th e  f o i l  o r  w i r e  i t s  a n g le  w ith  r e s p e c t  to  th e  i n i t i a l  d i r e c t i o n  i s  
r e c o r d e d .  The p r o c e s s  i s  r e p e a te d  f o r  th o u san d s  o f  p a r t i c l e s  and th e
cu m u la t iv e  r e s u l t s  a r e  p r i n t e d  in  th e  form o f  t a b l e s  and g r a p h s .  The
s t a t i s t i c a l  sam p lin g  i s  a ccom plished  by s e l e c t i n g  random v a lu e s  from 
th e  d i s t r i b u t i o n  f u n c t io n s  t h a t  d e s c r i b e  t h e  p h y s i c a l  q u a n t i t i e s  a s s o ­
c i a t e d  w i th  th e  c o l l i s i o n s .  The method by which t h i s  i s  done i s  w e l l  
12
known . The p ro c e d u re  f o r  sam pling  from a n o rm a l iz e d  d i s t r i b u t i o n  
f ( y )  i s  to  s e l e c t  a random number r  which i s  u n ifo rm ly  d i s t r i b u t e d  b e ­
tween 0 and 1, and th e n  s o lv e  th e  e q u a t io n
f ( y ) d y  = r  (23)
fo r  th e  sam ple v a lu e  s .  Th is  g iv e s  a r e s u l t  o f  th e  form
s -  g ( r )  , (24)
D esign  o f  th e  Program 
Two program s were a c t u a l l y  used  in  th e  work on t h i s  p rob lem , 
a l th o u g h  th e  d i f f e r e n c e s  betw een them were m in o r .  Only t h e  i n i t i a l
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p o s i t i o n  o f  t h e  p a r t i c l e  and th e  check  to  s e e  i f  th e  p a r t i c l e  i s  s t i l l  
i n s i d e  th e  medium a r e  d i f f e r e n t .  The two program s a r e  FOIL20 and 
WIRE21. They s im u la te  m u l t i p l e  s c a t t e r i n g  in  f o i l s  and w ire s  r e s p e c ­
t i v e l y ,  The programs were w r i t t e n  i n  FORTRAN and were ru n  on th e  
U n iv e r s i t y  o f  M o n tan a 's  DECSYSTEM 20 , The b a s i c  p a r t s  o f  th e  program  
a r e :
(a )  p r e l im in a r y  c a l c u l a t i o n s ;
(b ) Monte C a r lo  loop ;
(c )  f i n a l  c a l c u l a t i o n s  and o u tp u t ;
(d ) p l o t t i n g  s u b r o u t i n e s .
P r e l im in a r y  c a l c u l a t i o n s  in v o lv e  th e  e v a l u a t i o n  o f  v a r io u s  p h y s ­
i c a l  p a ra m e te rs  such  as  th e  Thomas-Fermi s c r e e n in g  r a d i u s ,  th e  t o t a l  
Coulomb c o l l i s i o n  c r o s s  s e c t i o n ,  th e  mean f r e e - p a t h ,  and some o f  th e  
q u a n t i t i e s  from M o l i è r e ' s t h e o r y .
The h e a r t  o f  th e  program  i s  t h e  Monte C a r lo  lo o p .  I t  b e g in s  
w i th  a p io n  t r a v e l i n g  i n  th e  +Z d i r e c t i o n  ( s e e  F ig u re  1) a t  th e  p o in t  
where i t  f i r s t  e n t e r s  th e  f o i l  o r  th e  w i r e .  To f i n d  th e  d i s t a n c e  i t  
t r a v e l s  b e fo re  i t s  f i r s t  c o l l i s i o n  a sam ple v a lu e  i s  drawn from th e  
d i s t r i b u t i o n  f o r  th e  f r e e  p a th :
f ( d )  = e x p ( - d / f )  , (25)
where f  i s  th e  mean f r e e - p a t h ,  g iv e n  by
f  = _ 1 _  I
CTN (26)
w i th  (T g iv e n  by
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c r i s  th e  t o t a l  Coulomb c r o s s  s e c t i o n  and N i s  t h e  number o f  atoms p e r
u n i t  volume o f  t h e  f o i l  o r  w i r e ,  r ^  i s  th e  Thomas-Fermi r a d i u s ,  which
g iv e s  a m easure  o f  th e  s c r e e n in g  o f  th e  n u c l e a r  Coulomb f i e l d  by th e
a to m ic  e l e c t r o n s ,  and y / i s  a f a c t o r  o f  o rd e r  u n i t y  in t r o d u c e d  by Nigam,
13S u n d a re san  and Wu . The o t h e r  symbols a r e  th e  same as  th o s e  i n  Chap­
t e r  3 .
T h ree  a ssu m p tio n s  have  been  made in  u s in g  th e  above d i s t r i b u t i o n  
f o r  th e  f r e e  p a th :
(a )  th e  p io n  i n t e r a c t s  w i th  o n ly  one s c a t t e r i n g  c e n t e r  a t  a time;
(b )  th e  s c a t t e r i n g  c e n t e r s  a r e  random ly d i s t r i b u t e d  th ro u g h o u t
th e  medium and c o r r e l a t i o n s  among p o s i t i o n s  o f  d i f f e r e n t  atoms a r e  n o t
ta k e n  i n t o  a c c o u n t ;
(c )  th e  p io n  s u f f e r s  no a p p r e c i a b l e  en e rg y  lo s s  -  w h ile  t r a v e r s ­
ing  th e  medium - which would change i t s  v e l o c i t y  and t h e r e f o r e  th e  t o t a l  
c r o s s  s e c t i o n  and mean f r e e  p a th .
The f i r s t  two a ssu m p tio n s  a r e  u s u a l  i n  Monte C a r lo  c a l c u l a t i o n s  
i n v o lv in g  th e  d i f f u s i o n  o f  f a s t  ch arg ed  p a r t i c l e s  in  m a t t e r T h e  
t h i r d  can  be j u s t i f i e d  f o r  t h i s  p rob lem  by f in d i n g  th e  energy  l o s t  by 
a lOOMeV p io n  t h a t  t r a v e r s e s  a tu n g s te n  f o i l  o f  th i c k n e s s  0 ,030316g /cnu  
C o n s u l t in g  a  t a b l e  o f  p io n  s to p p in g  p o w e r w e  f in d  t h a t  th e  s to p p in g  
power i s  a b o u t  1.3MeV-cm^/g. So
en erg y  lo s s  = (1 .3M eV -cm ^/g)(0 .030316g/cm ^) (28)
= 0 .0394  MeV
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w hich I s  n e g l i g i b l e  f o r  lOOMeV in c i d e n t  e n e r g y .  The c a l c u l a t i o n  o f  
e q u a t i o n  (24) f o r  t h e  f r e e - p a t h  d i s t r i b u t i o n  i s  g iv e n  i n  Appendix C.
Once th e  p o s i t i o n  o f  th e  n e x t  c o l l i s i o n  c e n t e r  has  been  c a l c u ­
l a t e d  from th e  f r e e  p a th  and th e  p a r t i c l e ' s  d i r e c t i o n ,  t h e  s c a t t e r i n g  
a n g le s  and must be c h o se n .  0( i s  th e  p o l a r  s c a t t e r i n g - a n g l e  which 
i s  m easured  w ith  r e s p e c t  to  th e  d i r e c t i o n  t h a t  th e  p io n  i s  t r a v e l i n g  
b e f o r e  t h e  c o l l i s i o n .  I t  i s  chosen  from th e  d i s t r i b u t i o n
where th e  s m a l l - a n g le  a p p ro x im a t io n  has  been  u s e d .  T h is  e q u a t io n  i s  
a r r i v e d  a t  by em ploying  th e  s ta n d a rd  f i r s t  Born a p p ro x im a t io n  method 
f o r  th e  Yukawa p o t e n t i a l ^ ^  g iv e n  by
V (r )  -  ± |^ 5 ^ ^ e x p ( - y W r / r g  )
% , i s  th e  Born S c re e n in g  a n g le ,  which i s  d e f in e d  as
(30)
%,=//%.= ^  ^  ' (31)
^  ^  k r ,  p r ,
where k i s  th e  re d u c ed  wavenumber o f  th e  p io n ;
k  = p /h  . (32)
E q u a t io n  (29) i s  e s s e n t i a l l y  th e  R u th e r fo rd  s i n g l e - s c a t t e r i n g  law , mod­
i f i e d  to  a c c o u n t  f o r  t h e  s c r e e n in g  o f  th e  n u c le u s  by th e  e l e c t r o n s .  
C a l c u l a t i o n  o f  e q u a t i o n  (24) f o r  t h i s  d i s t r i b u t i o n  i s  done i n  Appendix G.
i s  th e  a z im u th a l  s c a t t e r i n g  a n g le ,  and i s  ta k e n  - assum ing  th e  
medium i s  i s o t r o p i c  and  p o l a r i z a t i o n  i s  d i s r e g a r d e d  - a s  b e in g  d i s t r i b ­
u te d  u n i fo rm ly  be tw een  0 and 2 ‘T\ . I t  i s  chosen  by m u l t i p l y i n g  a  random
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number s e l e c t e d  from a u n ifo rm  d i s t r i b u t i o n  be tw een  0 and 1, by 2
S in c e  th e  p io n  w i l l  n o t  i n  g e n e r a l  have  i t s  v e l o c i t y  v e c t o r  
o r i e n t e d  a lo n g  one o f  th e  l a b o r a t o r y  a x e s ,  i t  i s  n e c e s s a r y  to  change 
c o o r d in a t e  system s f o r  each  c o l l i s i o n .  The s c a t t e r i n g  must be c a l c u ­
l a t e d  i n  th e  c o o r d in a te  sy s tem  d e f in e d  by t h e  p i o n ' s v e l o c i t y  v e c t o r ,  
and  th e  new p o s i t i o n  o f  th e  p io n  must be r e l a t e d  t o  th e  l a b o r a t o r y  
f ram e .  The d e t a i l s  o f  t h i s  c a l c u l a t i o n  a r e  shown in  Appendix B.
Once th e  l a b o r a t o r y  c o o r d in a t e s  o f  t h e  p io n  a r e  found , a  check  
i s  made to  see  i f  th e  c o o r d in a t e s  f a l l  w i t h i n  t h e  medium o r  o u t s i d e  i t .  
I f  t h e  p io n  i s  s t i l l  w i t h i n  th e  medium, th e  p ro c e s s  i s  r e p e a t e d ,  f i n d ­
ing  a new f r e e  p a th  and new s c a t t e r i n g  a n g l e s .  When th e  p io n  emerges 
from th e  medium i t s  m u l t i p l e - s c a t t e r i n g  a n g le  i s  d e te rm in e d  by compar­
in g  i t s  v e l o c i t y  v e c to r  to  th e  la b  c o o r d in a t e  sy s tem .
A f t e r  th e  Monte C a r lo  loop  h a s  been  l e f t ,  t h e  f i n a l  c a l c u l a t i o n s  
a r e  made. The g rap h s  a r e  s e m i l o g a r i t h m i c a l l y  s c a l e d ,  and th e  f i n a l  
r e s u l t s  a r e  p r i n t e d  i n  t a b l e s  and g r a p h s . V arious  q u a n t i t i e s  used  in  
t h e  program  a r e  a l s o  l i s t e d .
The s u b r o u t in e s  t h a t  a r e  employed a r e  p h y s i c s - l i b r a r y  su b ro u ­
t i n e s  t h a t  c o n t r o l  th e  p l o t t e r  which p ro d u ces  t h e  g ra p h s .
A com ple te  l i s t i n g  o f  t h e  program  WIRE21 i s  g iv e n  i n  Appendix D, 
and Appendix E shows F0IL20, a v e r s i o n  o f  th e  program which has  been 
m o d if ied  t o  show th e  d i f f e r e n t i a l  c r o s s  s e c t i o n  v e r s u s  th e  u n p r o je c te d  
s c a t t e r i n g - a n g l e .
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6 .  RESULTS AND CONCLUSIONS
Each o f  th e  Monte C a r lo  program s - one f o r  th e  w ire  and one f o r  
th e  f o i l  o f  e q u iv a l e n t  t h i c k n e s s  - accu m u la ted  110 000 e v e n t s .  The 
r a d i u s  o f  th e  w ire  used was 0.001cm, and t h a t  o f  th e  e q u i v a l e n t  t h i c k ­
n e s s  o f  f o i l  was 0.00157cm. The r e s u l t s  a r e  shown in  F ig u re s  3 and 4 , 
w i th  t h e  s o l i d  cu rv e  showing th e  G au ss ian  p a r t  o f  each  d i s t r i b u t i o n .  
Looking a t  th e  c e n t r a l  p o r t i o n s  o f  th e  d i s t r i b u t i o n s ,  i t  i s  a p p a r e n t  
t h a t  th e  two d i s t r i b u t i o n s  a r e  v e ry  c l o s e ,  b u t  th e  one f o r  th e  w ire  i s  
more s h a r p l y  p eaked . The w id th s  o f  th e  d i s t r i b u t i o n s  a r e  a lm o s t  th e  
same f o r  s c a t t e r i n g  a n g le s  g r e a t e r  th a n  5mrad. At a n g le s  g r e a t e r  th a n  
25mrad i t  i s  d i f f i c u l t  t o  make a d i r e c t  co m p ar iso n . T h is  i s  p r i m a r i l y  
due t o  s t a t i s t i c a l  f l u c t u a t i o n  b ecau se  o f  th e  r e l a t i v e  in f re q u e n c y  o f  
th e  e v e n t s  in  t h i s  r e g i o n .  I f  we use n ^  as  a m easure  o f  th e  ex p ec te d  
f l u c t u a t i o n  f o r  n c o u n ts ,  i t  i s  c l e a r  t h a t  th e  d i s t r i b u t i o n s  c o in c id e  
t o  w i t h i n  t h i s  c r i t e r i o n  f o r  t h i s  r e g i o n .  The f u l l - w i d t h  a t  h a l f - m a x i ­
mum i s  lOmrad f o r  th e  w ire  and l lm rad  f o r  th e  f o i l .  The 1 /e  a n g le  o f  
t h e  w ire  i s  6.2mrad ( e x t r a p o l a t i n g  from th e  g r a p h ) ,  and t h a t  o f  th e  
f o i l  i s  6 .6m rad . The t h e o r e t i c a l  v a lu e  o f  th e  1 /e  a n g le  from M o liè re  
t h e o r y  i s  6 .44m rad . The d i f f e r e n c e  betw een th e  t h e o r e t i c a l  v a lu e  and 
th e  Monte C a r lo  v a lu e  i s  2.5%, w hich i s  c lo s e  t o  what th e  s t a t i s t i c a l  
f l u c t u a t i o n  on t h i s  p a r t  o f  th e  c u rv e  i s  ( 1 /3000^ = 0 .0 1 8 ,  o r  ab o u t 2%).
As a ch eck  on th e  l a r g e - a n g l e  s c a t t e r i n g  we compare th e  a v e rag e  
number o f  s c a t t e r s  p e r  p a r t i c l e  f o r  b o th  c a s e s .  The av e rag e  number was 
245 .7986  f o r  th e  w ire  and 245 .7842  f o r  th e  f o i l .  These r e s u l t s ,  which 
a g re e  t o  w i t h i n  0.006%, e n s u r e  t h a t  l a r g e - a n g l e  s c a t t e r i n g  w i l l  be th e  
same f o r  b o th  th e  w ire  and th e  f o i l  o f  e q u i v a l e n t  t h i c k n e s s ,  s i n c e  th e
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l a r g e - a n g l e  s c a t t e r i n g  depends on ly  on th e  a v e ra g e  number o f  s c a t t e r s .  
The r e s u l t s  f o r  th e  s m a l l - a n g le  m u l t i p l e  s c a t t e r i n g  a p p e a r  t o  be w i th in  
10% a t  half-m axim um , and w i th in  6% a t  th e  1 /e  a n g l e .  S in c e  most e x p e r ­
im ents  do n o t  lo o k  a t  s c a t t e r i n g  a t  l e s s  th a n  a few m i l l i r a d i a n s  ( t h i s  
b e in g  th e  r e g io n  where th e  u n s c a t t e r r e d  beam a l s o  l i e s ) ,  th e  f a c t  t h a t  
th e  w ire  s c a t t e r i n g - d i s t r i b u t  ion  i s  more s h a r p ly  peaked th a n  th e  f o i l ' s  
sh o u ld  n o t  be o f  much c o n c e rn .  The ag reem ent does  seem t o  be good a t  
m odera te  a n g le s ,  and v e ry  good a t  l a r g e  a n g l e s .  So th e  e q u i v a l e n t - f o i l  
t h i c k n e s s  would seem to  be a u s e f u l  a p p ro x im a t io n  f o r  th o s e  c a s e s  which 
a r e  o f  m ost i n t e r e s t  to  e x p e r im e n te r s .
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APPENDIX A. MULTIWIRE PROPORTIONAL CHAMBERS 
A m u l t iw i r e  p r o p o r t i o n a l  chamber (MWPC) i s  a d e t e c t o r  which 
m easures th e  x -y  p o s i t i o n s  o f  c h a rg ed  p a r t i c l e s  which p ass  th ro u g h  i t ,  
by d e t e c t i o n  o f  th e  i o n i z a t i o n  produced  by th e  p a r t i c l e s '  p a ssag e  
th ro u g h  th e  th e  gas  which f i l l s  th e  cham ber. The x -y  p o s i t i o n s  a r e  
d e te rm in e d  by two p a r a l l e l  p la n e s  o f  p a r a l l e l  w i r e s ,  i n  which th e  w ire s  
o f  one p la n e  a r e  p la c e d  a t  90° w i th  r e s p e c t  t o  th e  w ire s  o f  th e  o t h e r ,  
t h e re b y  form ing a tw o -d im e n s io n a l  r e c t a n g u l a r  c o o r d in a te  sy s tem . The 
e l e c t r i c a l  c h a r a c t e r i s t i c s  o f  such  d e v ic e s  a r e  d i s c u s s e d  in  th e  l i t e r ­
a t u r e ^ ^ ,  and w i l  n o t  be t r e a t e d  h e r e .  Of more im p o r tan ce  f o r  th e  p r e s ­
e n t  p rob lem  i s  th e  p h y s i c a l  s t r u c t u r e  o f  a t y p i c a l  MWPC. I t  i s  con­
s t r u c t e d  a s  a s e r i e s  o f  c l o s e l y  spaced  l a y e r s .  The f i r s t  o f  th e s e  i s  
an  e n t r a n c e  window o f  t h i n  m y la r .  Next i s  a h ig h - v o l t a g e  p la n e ,  which 
i s  a s h e e t  o f  a lu m in iz e d  m y la r ,  fo l lo w ed  by a w ire  p l a n e .  A w ire  p la n e  
c o n s i s t s  o f  a l a r g e  number (100 -  200) o f  in d e p en d e n t  g o l d - p l a t e d  tu n g ­
s t e n  w ire s  t h a t  have a d ia m e te r  o f  0.002cm and a r e  sp aced  abou t 0.2cm 
a p a r t .  The n e x t  l a y e r  i s  a g a in  a h ig h - v o l t a g e  p la n e ,  fo llo w ed  by a 
second w ire  p l a n e .  The w ire s  o f  t h i s  p la n e  a r e  p e r p e n d ic u la r  t o  th e  
w ire s  o f  th e  f i r s t .  A no ther  h i g h - v o l t a g e  p la n e  f o l l o w s ,  and f i n a l l y  
th e  e x i t  window i s  r e a c h e d .
A m ix tu re  o f  a rg o n ,  f r e o n ,  i s o b u ta n e ,  and p ro p a n o l  i s  pumped 
th ro u g h  th e  MWPC to  a m p l i fy  th e  s i g n a l .  The a r ran g em en t o f  th e  l a y e r s  
i s  shown i n  F ig u r e  5 a lo n g  w i th  t y p i c a l  s p a c in g s .
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APPENDIX B. PARTICLE-TO-IAB COORDINATE TRANSFORMATION^®
L et th e  X, Y, and Z ax es  r e f e r  to  th e  l a b o r a t o r y  fram e, and  l e t  
th e  u n i t  v e c t o r  UI be t h e  d i r e c t i o n  v e c t o r  a s s o c i a t e d  w i th  th e  p a r t i ­
c l e ' s  v e l o c i t y  (F ig u re  6 ) .  We may w r i t e  t h i s  v e c t o r  in  term s o f  i t s  
C a r t e s i a n  components i n  th e  l a b o r a t o r y  fram e:
îTl = (D l^ .U ly .U lg )  . (B l)
Now i f  th e  p a r t i c l e  undergoes  a c o l l i s i o n  and i s  d e f l e c t e d  th ro u g h  an  
a n g le  6 , we may r e p r e s e n t  t h e  new d i r e c t i o n  by th e  u n i t  v e c t o r  U l ' .
We th e n  c o n s t r u c t  a v e c t o r  5  w hich i s  p e r p e n d ic u la r  to  ÛÎ and w hich has 
th e  m agnitude
IDj = s i n  e  . (B2)
The r e l a t i o n  betw een th e s e  v e c t o r s  i s  d e p ic t e d  in  F ig u re  7. L e t  be 
some v e c to r  p e r p e n d ic u la r  t o  Û Ï .  Then th e  s c a l a r  p ro d u c t  o f  u l  and ^  
i s
UljjV2jj +  Ul V2y + UlgV22 = 0 . (B3)
S in ce  th e  v e c t o r  v5 was a r b i t r a r y  e x c e p t  f o r  th e  above c o n d i t i o n ,  we 
may choose V2^ = 0 and V2y = 1 . Then
V 2 g  = - U l ^ / U l z  .  ( B 4 )
N o rm a liz in g  ^  we have
■ I I ■ >“ >
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N ext form th e  u n i t  v e c t o r  by t a k in g  th e  v e c to r  p ro d u c t  o f  iB. and Û^:
t Î
Ü& = ÜÏ X = U lx U ly U lz (B 6)
U2x U2y U2g
Û5 = [ (U ly U 2 z  -  U 2 y U lg ) , ( U lx U 2 g  -  U 2 ^ U lg ) , (U lx U 2 y  -  U2%Uly)]
(B7)
form an  o r th o n o rm a l  c o o r d in a t e  sys tem  f o r  th e  p a r t i c l e .
Once t h i s  has been  e s t a b l i s h e d ,  th e  a z im u th a l  a n g le  may be s e l e c t e d  
from a d i s t r i b u t i o n ,  cp i s  m easured  r e l a t i v e  to  t h e  U2 a x i s  in  th e  U2- 
U3 p la n e  (F ig u re  8 ) .  We may now w r i t e
D = s i n  0 [cos + s in c fU ^ ] (B8)
Note t h a t  th e  te rm  in  b r a c k e t s  has  a m agn itude  o f  1. F i n a l l y ,  Ul' may 
be e x p re s s e d  as
U l '  = Ul cos  0 +  D 
The change in  th e  l a b o r a t o r y  frame h as  been
(B 9)
Ax = F X U l^ '
A y  = F ^ U ly '  (where F i s  th e  f r e e  p a th )
A z  = F X u i z '
(BIO)
( B I D
(B12)
Knowing th e  new p o s i t i o n  and d i r e c t i o n  o f  th e  p a r t i c l e  i n  th e  l a b o r a ­
t o r y  fram e , th e  p ro c e s s  may now be r e p e a t e d .






F ig u re  6 .  I n i t i a l  and f i n a l  d i r e c t i o n  
v e c t o r s .
u i  cos 6
U3
F ig u re  7. S c a t t e r i n g  a n g le  8 
and v e c to r  5 .
F ig u r e  8 .  A z im utha l a n g le
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APPENDIX C. INVERSION OF SAMPLE DISTRIBUTIONS 
To c o n s t r u c t  fo rm u las  from which random sam ples  may be drawn 
a c c o rd in g  to  g iv e n  d i s t r i b u t i o n s ,  we f i r s t  s e t  up e q u a t io n s  o f  t h e  form 
o f  e q u a t i o n  ( 2 4 ) ,  c a l c u l a t e  th e  d e f i n i t e  i n t e g r a l ,  n o rm a liz e  t h e  r e ­
s u l t i n g  f u n c t i o n ,  and th e n  i n v e r t  th e  e x p r e s s io n  to  s o lv e  f o r  th e  sam­
p le  v a lu e  s .
For th e  f r e e  p a th :
-Ir  = Cj e x p ( - x / f ) d x  . (C l)'0
I n t e g r a t i n g  th e  r i g h t - h a n d  s i d e :
s
r  = [ -  C? e x p ( - x / f )  ] . (02)
0
Now f o r  r  = 1 we have  s = co , o r
oo
I  = [ -  Cf e x p ( - x / f )  ] (C3)
0
1 = - Cf [ 0 - 1 ] . (C4)
So th e  n o r m a l i z a t i o n  c o n s t a n t  i s  C = 1 / f ,  g iv in g
s
r  = [ -  e x p ( - x / f )  ] (C5)
0
E v a lu a t  ing  (C5) :
r  = - e x p ( - s / f ) + l  . (C6)
S o lv in g  f o r  s y i e l d s
s = - f  I n ( l - r )  . (C7)
E q u a t io n  (C7) i s  t h e  d e s i r e d  fo rm u la .  Upon i n s e r t i o n  o f  u n ifo rm ly
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
27
d i s t r i b u t e d  random numbers (be tw een  0 and 1 ) ,  i t  r e t u r n s  v a lu e s  which 
a r e  d i s t r i b u t e d  a c c o rd in g  to  e q u a t i o n  ( 2 5 ) .
F or th e  p o l a r  s c a t t e r i n g - a n g l e  we w r i t e
0 +
T h is  i n t e g r a t i o n  i s  e a s i l y  p e r fo rm ed ,  g iv in g
■i: . (C8)
" ' ( z C X '  +  l p )  ] o  • (C*)
To g e t  t h e  n o r m a l i z a t i o n  c o n s t a n t ,  s e t  r  = 1, and s = cx> :
r^ I (CIO)
1 = 0 +  C /2X ^ . (O i l )




E v a lu a t in g  t h i s  g iv e s
r  = + 1 • ( « 3 )s
S o lv in g  f o r  s :
s = !  • (C14)
E q u a t io n  (C14) i s  th e  a p p r o p r i a t e  fo rm u la  f o r  sam pling  th e  p o la r  
s c a t t e r i n g - a n g l e  d i s t r i b u t i o n  ( e q u a t io n  ( 2 9 ) ) .
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APPENDIX D. LISTING OF WIRE21
W IRE21.F0R
C THIS IS  A MONTE CARLO PROGRAM TO SIMULATE MULTIPLE
C SCATTERING IN A WIRE OF RADIUS R.
DIMENSION M T H T X Z ( 0 /3 1 6 0 ) ,M T H T Y Z ( 0 /3 1 6 0 ) ,
1GTHTXZ(0 / 3 1 6 0 ) »GTHTYZ( 0 / 3 1 6 0 ) »
1ANGLE(0/3160)rGAUSSX( 3 1 6 0 ) tGAÜSSY(3 1 60 )
EQUIVALENCE (M THTXZ(3143),NHOLD), (MTHTXZ(3144),NTERM),
1(MTHTXZ(3145) 
KM THTXZ(3147 )  
1(MTHTXZ(3149) 
1 (MTHTXZ(3151) 
K MTHTXZ(3153)  
1(MTHTYZ(3143) 
1(MTHTYZ(3145) 




,NCOUNT), (M THTXZ(3146) ,NSCAT) ,
fM TH TSQ )f (M THTXZ(3148 ) ,M U) , 
fMHLDFP), (MTHTXZ(3150),MTGCM2),  
,MFXMIN)r (M THTXZ(3152) fM FXMAX), 
, M A ) , ( M T H T X Z ( 3 1 5 4 ) ,M Z ) ,
,NPART) , (M T H T Y Z (3 1 4 4 ) ,K D IS P ) , 
,NCTR1) » (M THTYZ(3146 ) ,NCTR2) , 
,NCTR3) , (MTHTYZ(3148),MCUMXZ), 
,MCUMYZ),(MTHTYZ(3150)rMCHICU), 
,MFYMIN), <MTHTYZ(3152),MFYMAX),  
fMRHO), (MTHTYZ(3154)rMENERG)











FORMATC' TYPE "R" I F  THIS IS A RESTART. ' , $ )
ACCEPT 6 ,  RESTRT
I F  (RESTRT ,EQ. ' R ' )  GO TO 15
GO TO 21
CONTINUE
OPEN (U NIT=21»FILE= 'F0R21.DAT 'rACCESS=
1 'RANDOM' ,M O D E = 'B IN AR YD IS P O SE : : 'S AV E '  , RECORD SIZE=3146) 
REWIND 21 
DO 2 1 = 0 ,3 16 0
READ (2 1 )  M T H T X Z ( I ) ,  MTHTYZ(I)
CONTINUE





CUMXZ=FLOAT( MCUMXZ) / I 0 0 0 0 0 0 .0
CUMYZ=FLOAT(MCUMYZ)/I0 0 0 0 0 0 .0
CHICUM=FLOAT( MCHICU) / I 0 0 0 0 0 0 .0
FXMIN=FLOAT(MFXMIN)/10 0 0 0 0 0 .0
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FXMAX=FLOAT(MFXMAX)/ I0 0 0 0 0 0 .0  
FYMIN=FLOAT(MFYMIN)/1000000.0  
FYMAX=FLOAT< MFYMAX) /lOOOOOO.0  
A=FLOAT<MA)/ 1 0 0 0 0 0 0 .0  
Z = F L 0 A T (M Z ) /1 0 0 0 0 0 0 .0  
. RHC)=FLOAT(MRHD)/1000000.0 
ENERGY=--FLOAT ( MENL'RG ) / 1 0 0 0 0 0 0 .0
21 CONTINUE
IF  (NMOLD .EG. 1) TERMIN='D'
IF  (NHOLD .EG. 0)  TERMIN='T '
TYPE 5




3 ' FORMAT( '  TYPE ' D' FOR DECWRITER, ' T '  FOR TEKTRONIX. ' , $ )
ACCEPT 6 ,  TERMIN
6 FORMAT(Al) '
I F  (TERMIN .EG. ' D ' )  NH0LD=1 
IF  (RESTRT .EG. ' R ' )  GO TO 22 
TYPE 17
17 FORMAK' Z f  A,  RHOr T ( I N  GM/CM2), ENERGY. '  , $ )




8 FORMAT( '  NTERM = ' , $ )
ACCEPT 9 ,  NTERM
9 FORMAT( I )
TYPE 24
24 FORMAK' RANDOM NUMBER SEED: ' , $ )











P I = 3 . 1415927 
R=0 .001
HBARC=1.9733E-11 
F I N E = 1 . 0 / 1 3 7 . 0  
E=SGRT(FINE*HBARC)
B0HR=5.292E-9  






GAMMA=1.0/SGRT(1 .0 - B E T A * * 2 )
ALP H A =(Z *Z P IO N *F IN E ) / (B ET A )
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AV0GAD=6,022E23 
ATOMS= ( FtHO*AVDGAD ) / A  
PC=PIMASS*BETA*( 1 . 0+ENERGY/PIMASS)
WAVEK=PC/HBAF-:C
11 FORMAT(E)
T F R A D = 0 . 8 8 5 * B 0 H R * Z * * ( - 1 . 0 / 3 , 0 )
V0=1.0/(TFRAD*WAVEK)
V C = 0 .3 9 6*Z P I0 N *Z *S Q R T (R H 0 *T /A ) / (P C *B E T A )




A T M R A D = ( 1 . 4 0 E - 1 3 ) * A * * ( 1 . 0 / 3 . 0 )
VMAX=HBARC/( POKATMRAD)
TYPE 12
12 FDRM AK ' NUMBER OF PARTICLES = '  , $ )
ACCEPT 13 ,  NPART
13 FGRMAT(I)
TYPE 14
14 FORMATC DISPLAY NUMBER = ' , $ )
ACCEPT 13 ,  KDISP
23 CONTINUE
I F  (TERMIN .EQ. ' D ' )  GO TO 16 
CALL IN IT T C 1 2 0 )
16 CONTINUE
C CALCULATE FP USING THE
C FIRST BORN TOTAL CROSS SECTION FOR A YUKAWA POTENTIAL, AND
C THE THOMAS-FERMI VALUE FOR THE EFFECTIVE RANGE.
SIGMA=PI* (TFRAD/YMU))K*2* (  ( 2 * Z P I 0 N * Z * E * * 2 ) /
1 (HBAROKBETA))**2 




30 FORMAT(' JUST RESULTS?' , $ )
ACCEPT 3 1 ,  RESANS
31 F0RMAT(A3)
I F  (RESANS .EQ. ' Y E S ' )  GO TO 1050
C MONTE CARLO LOOP
111 DO 1001 K=l ,NPART
NC0UNT=NC0UNT+1
C SPECIFY POSITION OF PION AT I N I T I A L  COLLISION.
XCAP=( RAN( J ) - 0 . 5 ) * 2 . 0 * R  
YCAP=0.0
Z C A P = -F P M * A L 0 G (1 .0 -R A N (J ) ) -S 0 R T (R * *2 -X C A P * *2 )
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190 NSCAT=NSCAT+1
C SELECT POLAR SCATTERING ANGLE CHI ,
217  XRAN=RAN<J)
CHI=SQRT(XRAN/(1 ,0-XRAN))*VMU 
I F  (CHI , L T .  VMU) GO TO 217 




C FIND MAGNITUDE OF VECTOR D.
D =S IN(CH I)
C GENERATE ORTHONORMAL VECTOR BASIS U l ,  U2, U3,
I F  (U IZ  ,EQ. 0 . 0 )  GO TO 220
V2Z=-U1Y/U1Z
U2X=0,0
V2N0RM=SQRT(1 , 0 + V 2 Z * * 2 )
U2Y=1.0/V2N0RM 
U2Z=V2Z/V2N0RM 
GO TO 240 
220 CONTINUE













C SELECT AZIMUTHAL SCATTERING ANGLE PSI IN U l ,  U2, U3.
P S I = R A N ( J ) * 2 , 0 * P I
C FIND VECTOR D IN TERMS OF U2 AND U3.
D X = S IN ( C H I ) * ( C 0 S ( P S I ) * U 2 X + S IN ( P S I ) * U 3 X )  
D Y = S IN (C H I ) * ( C 0 S (P S I ) * U 2 Y + S IN (P S I> * U 3 Y )  
D Z = S I N ( C H I ) * ( C 0 S ( P S I ) * U 2 Z 4 S IN ( P S I ) * U 3 Z )
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C SELECT FREE-PATH LENGTH.
FP=-FPM*ALOG( 1 . 0 -RAN( J ) )
HOLDFP=HDLDFP+FP








C CHECK TO SEE IF  PION HAS EMERGED FROM THE FOIL ,
SMALLR=S0RT(XCAP**2 + ZCAP*)k2)
I F  (SMALLR .GE. R) GO TO 250 
I F  (ABS(YCAP) .GE. 1 0 . 0 )  GO TO 250 
GO TO 190
C NOW THAT THE PION HAS EMERGED FROM THE WIRE, DETERMINE
C THE PROJECTED ANGLES THETXZ AND THETYZ.
250 THETXZ=ATAN(DELTAX/DELTAZ)
IF  (DELTAX) 2 7 0 , 2 7 5 , 2 7 5  
270 I F  (DELTAZ) 2 7 2 , 2 8 0 , 2 8 0
272 THETXZ=THETXZ-PI
GO TO 280 




I F  (DELTAY) 2 9 0 , 2 9 5 , 2 9 5  
290 I F  (DELTAZ) 2 9 2 , 3 0 0 , 3 0 0
292 THETYZ=THETYZ-PI
GO TO 300 






C CONVERT PROJECTED ANGLES TO INDEX-INTEGERS FOR ARRAYS.
IT H T X Z = ( ( T H E T X Z * ( F N 2 T 0 T + 1 .0 ) ) /P I+ 0 .5 ) + N 2 T O T /2  
ITH TYZ=( (TH ETYZ*(F N 2T0T+1 . 0 ) ) / P I + 0 . 5 ) + N 2 T 0 T / 2
C RECORD THE PROJECTED ANGLES IN THEIR CORRESPONDING ARRAYS.
MTHTXZ(ITHTXZ) =MTHTXZ( ITHTXZ > +1




IF  (FXMAX.LT.MTHTXZdTHTXZ)  ) FXMAX=MTHTXZ( ITHTXZ)
. I F  (FYMAX.LT.MTHTYZCITHTYZ))  FYMAX=MTHTYZ(ITHTYZ) 
I F  (MOD(KfKDISP) .EQ. 0 )  TYPE 888» K 
888 FORMAT(I)
IF  (TERMIN .EQ. ' D ' )  GO TO 1001 
KLEAR=KLEAR+1
IF  (KLEAR .EQ. 70)  GO TO 890 
GO TO 1001 
890 CALL ERASE
KLEAR=0
C END OF MONTE CARLO LOOP.
1001 CONTINUE
C PLOT DISTRIBUTIONS.
1050 A B E G IN = -P I * 1 0 0 0 .0
A Q U IT = P I * 1 0 0 0 .0  
AINCR=(AQUIT-ABEGIN)/FN2T0T 
AN=ABEGIN 
DO 1100 I=0»N2T0T 
A N G L E ( I ) = ( A N + , 0 2 ) / 2 . 0  
AN=AN+AINCR 
1100 CONTINUE












S D X = S 0 R T ( A N lE X * * 2 / 2 . 0 ) * 2 .0
ITEMPY=0
DO 1167 I=0»N2T0T




S D Y = S Q R T ( A N lE Y * * 2 /2 ,0 ) * 2 .0
AN=ABEGIN
DO 1170 I=0»N2T0T
GAUSSXd + l  ) = A L 0 G 1 0 (F X M A X *E X P ( -A N * *2 / (2 .0 *S D X * *2 )  ) )
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GTHTXZ( I )=FLOAT(M THTXZ( I ) )
GTHTYZ<I )=FLOAT(M THTYZ(I ) )
I F  (GTH TXZ( I )  , L E .  0 . 0 )  G T H T X Z ( I )= 0 .5  
I F  (GTHTYZ( I )  . L E .  0 . 0 )  G T H T Y Z ( I )= 0 .5  
G T H T X Z ( I )= A L 0 G 1 0 (G T H T X Z ( I ) )
G T H T Y Z ( I )= A L 0 G 1 0 (G T H T Y Z ( I )>
1200 CONTINUE 
B E G IN A = A B E G IN / (1 0 .0 *P I )
0 U I T A = A Q U I T / ( 1 0 . 0 * P I )
IF  (TERMIN .EQ. ' D ' )  GO TO 1203 
I F  (MOIKNCOUNTfNTERM) .EQ. 0 )  GO TO 1201 
GO TO 1230
1201 TYPE 1180
1180 FORMATC' DO YOU WANT GRAPHS? ' , $ )
ACCEPT 1181 ,  PLOTl
1181 F0RMAT(A3)
I F  (PLOTl .EQ. ' N O ' )  GO TO 1230 
1183 CALL SETUP(1 ,1 ,4 ,4 ,BEG INA ,Q UITA ,GXM IN ,G XM AX,1 )
CALL PLSPLT( ANGLE, GTHTXZ, 0 , N2T0T, 1 )
CALL SETUP(1 ,1 ,4 ,4 ,BEG INA ,Q UITA ,GXM IN ,G XM AX,1 )
CALL L IN PLT(ANGLE,G AUSSX,0 ,N 2T0T,1 )
CALL ERASE
CALL SETUP( 1 , 1 , 4 , 4 , BEGINA, QUITA, GYMIN, GYMAX, 1 )
CALL PLSPLT( ANGLE,GTHTYZ,0 , N 2 T 0 T ,1)
CALL SETUP(1 , 1 ,4 ,4 ,BEGINA,QUITA,GYMIN ,G YMAX,1 )
CALL L IN P L T ( ANGLE, GAUSSY, 0 , N2T0T, 1 )
CALL ERASE 
TYPE 980
980 FORMAT( '  DO YOU WANT GRAPHS AGAIN? ')
ACCEPT 9 8 1 ,  GRAF
981 FORMAT(A3)
IF  (GRAF .EQ. ' Y E S ' ) GO TO 1183 
I F  (TERMIN .EQ. ' T ' ) GO TO 1230
1203 I F  (CHECK .EQ. 'R U N ' )  GO TO 1210
TYPE 1204
1204 FORMAT(' PRINT TABLE? ' , $ )
ACCEPT 1206 ,  TABLE
1206 FORMAT(A3)
I F  (TABLE .EQ. 'N O ' )  GO TO 1230 
1210 TYPE 1212
1212 F O R M A T C / / / , '  ANGLE (MRAD) NO. OF EVENTS (XZ)
1 NO. OF EVENTS ( Y Z ) ' , / )
DO 1230 1 = 15 4 6 ,1 59 6
TYPE 1220 ,  A N G L E ( I ) ,  M T H T X Z ( I ) , MTHTYZCI)


































OPEN (U N IT = 2 1 ,F IL E = 'F 0 R 2 1 .D A T ' ,A C C E S S =
1 'RANDOM'»MODE='BINARY'»DISPOSE='SAOE', RECORD SIZE=3146 )
REWIND 21
DO 1222 1 = 0 ,3 16 0
WRITE ( 2 1 )  M TH TXZ( I ) ,  MTHTYZ(I)
CONTINUE
I F  (CHECK .EQ. ' R U N ' ) GO TO 983 
CONTINUE
CLOSE (U N IT = 2 1 ,D IS P 0 S E = 'S A V E ' , F I L E = ' F0R21. DAT' )
TYPE 1 226 ,  NTERM, TERMIN
FORMAT! ' NTERM = ' , 1 6 , '  TERMIN = ' , A 1 , / )
CONTINUE
I F  (M0D(NC0UNT,NTERM) .EQ. 0)  GO TO 1240 
GO TO 111 
TYPE 1300
FORMAT( '  CHOOSE ONE OF THE F O L L O W IN G ; ' , / ,
1 '  ( 1 )  CHANGE TERMINALS AND C O N T I N U E . ' , / ,
1 '  ( 2 )  CHANGE TERMINALS AND PLOT R E S U L T S . ' , / ,
1 '  ' ( 3 )  CHANGE N T E R M . ' , / ,
1 '  ( 4 )  C O N T I N U E . ' , / ,
1 '  ( 5 )  S T O P . ' )
ACCEPT 1 302 ,  NEW 
FORMATd )
GO TO ( 1 3 0 8 , 1 3 0 8 , 1 3 1 1 , 1 1 1 , 9 8 2 ) ,  NEW 
GO TO 111 
TYPE 1306
FORMAT(' TYPE "GO" AFTER ATTACHING. ' )
ACCEPT 1 30 7 ,  ATT 
FORMAT(A2)
TYPE 1305
FORMAT( '  PROGRAM SUCCESSFULLY ATTACHED.' )
TYPE 3
ACCEPT 6 ,  TERMIN
IF  (TERMIN .EQ. ' D ' )  NH0LD=1.
IF  (TERMIN .EQ. ' T ' )  NH0LD=0 
TYPE 1309
FORMAT(' RESET NTERM?' ,$)
ACCEPT 1 3 1 0 ,  RESET 
FORMAT(A3)
IF  (RESET .EQ. ' Y E S ' ) GO TO 1311 
GO TO ( 1 1 1 , 1 0 5 0 , 1 1 1 , 1 1 1 , 1 1 1 ) ,  NEW 
GO TO 111 
TYPE 1312
FORMAT( '  NTERM = ' , $ )
ACCEPT 1 30 2 ,  NTERM
GO TO ( 1 1 1 , 1 0 5 0 , 1 1 1 , 1 1 1 , 1 1 1 ) ,  NEW
GO TO 111
C PRINT OUT VALUES OF INTEREST.
982 IF  (TERMIN .EQ. ' T ' )  CALL ERASE

























TYPE 9 8 4 f NCOUNT
FORMAT( '  TOTAL NUMBER OF PARTICLES = ' , 6 1 )  
AVGSCT=FLOAT(NSCAT)/FLOAT(NCOUNT)
TYPE 9 9 9 ,  AVGSCT
FORMATC AVERAGE NUMBER OF SCATTERS = '  , F )
TYPE 8 8 9 ,  NCTRl 
FORMAT('  NCTRl = ' , I 1 0 )  
AVGFP=HDLDFP/FLQAT<NGCAT-1)
TYPE 9 9 6 ,  AVGFP, FPM
FORMATC AVGFP = ' , 1 P E 1 4 . 7 , '  FPM = ' , 1 P E 1 4 . 7 )
TYPE 1 350 ,  ENERGY, RHO
RHD = ' > F )
, F ,  '
TGPCM2 
, F ,  '
BETA, ALPHA
T,
A = ' ,F )
TGPCM2 = ' , F )
ALPHA = ' , 1 P E 1 4 . 7 )
WAVEK = ' , 1 P E 1 4 , 7 )
VO = ' , 1 P E 1 4 . 7 )
VA ,1 P E 1 4 .7 )
ÜMEGA0 = ' , 0 P F )
YMU = ' , 0 P F 1 2 . 7 )
ATMRAD = ' , 1 PE1 4 . 7 )
FORMATC ENERGY = ' , F ,




TYPE 1 00 5 ,
FORMATC BETA = '  , F ,  '
TYPE 1 0 0 6 ,  PC, WAVEK 
FORMATC' PC = ' , F , '
TYPE 1 0 0 7 ,  TFRAD, VO 
FORMATC TFRAD = ' , I f 'E14  , 7 ,  '
TYPE 100 8 ,  SIGMA, VA 
FORMATC' SIGMA = ' , 1 P E 1 4 . 7 , '
TYPE 1400 ,  VC, OMEGAO 
FORMATC' VC = ' , 1 P E 1 4 . 7 , '
TYPE 1 4 0 1 ,  VMU, YMU 
FORMATC' VMU = ' , 1 P E 1 4 . 7 , '
TYPE 1 40 3 ,  VMAX, ATMRAD 
FORMATC' VMAX = ' , 1 P E 1 4 . 7 , '
B ^ l . 1 5 3 + 2 . 583*AL0G10(OMEGAO)
TYPE 1 418 ,  B 
FORMATC' B = ' , F 1 2 , 7 )
THETMS=SQRT( B * V C * * 2 )
THTRMS=SORTCTHTSQD/FLOAT C NCOUNT) )
TYPE 1 4 1 9 ,  THTRMS, THE I MS 
FORMATC' THTRMS = ' , 1 P E 1 4 . 7 , '
CRMSXZ=SQRT C CUMXZ/FLOAT( NCOUNT) )
CRMSYZ=SQRT( CUMYZ/FLOAT( NCOUNT) )
TYPE 1 4 2 3 ,  CRMSXZ, CRMSYZ
FORMATC' CRMSXZ = ' , 1PE14. 7 , CRMSYZ = ' , 1 P E 1 4 . 7 )  
CHIRMS=SQRTCCHICUM/FLQAT(NCTRl) )  
AVSCAT=ATOMS*SIGMA*T
THTM0L = S Q R T ( 4 ,0 * A L 0 G ( 1 8 3 .0 * Z ) K * ( - 1 . 0 / 3 . 0 )  ) /B)*THETMS 
TYPE 1 42 7 ,  CHIRMS, THTMÜL 
FORMATC' CHIRMS = ' , 1 P E 1 4 .7 ,
THTAVG=CHIRMS*SQRTCAVSCAT)
TYPE 1 429 ,  ANIEX, ANIEY 
FORMATC' ANIEX = ' , 1 P E 1 4 . 7 , '
TYPE 1 43 5 ,  THTAVG 
FORMATC THTAVG = ' , 1 P E 1 4 . 7 )
DIFFER=C CTHTAVG-THTMOD/THTMOL)* 1 0 0 . 0  
TYPE 1 43 7 ,  DIFFER
ADIFF=C CTHTRMS-THTM0L)/THTM0L)*100.0
FORMATC EST. D IFF .  FROM MOLIERE THEORY : '  , F 7 . 2 ,  '  %,
TYPE 1 4 3 8 ,  A D IFF
THETMS = ' , 1 P E 1 4 . 7 )
THTMOL = ' , 1PE14.7 )
ANIEY = ' , 1 P E 1 4 . 7 )
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1438 FORMATC ACT. D IF F ,  FROM MOLIERE THEORY C  , F 7 . 2 C  %. '  ) 
I F  (NEW .EQ. 5 )  STOP 
IF  (CHECK ,EQ. 'R U N ' )  GO TO 1223 
STOP 
END
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APPENDIX E . LISTING OF FOIL20
F0IL20.F0R
C THIS IS  A MONTE CARLO PROGRAM TO SIMULATE MULTIPLE
C SCATTERING IN A FOIL  OF THICKNESS T.  THE TABLE SHOWS
C THE NUMBER OF EVENTS FOR 1 MILLIRADIAN INCREMENTS OF
C THE UNPROJECTED SCATTERING-ANGLE THETA. THE GRAPH
C SHOWS THE DIFFERENTIAL CROSS SECTION ( I N  BARNS) VS, THETA.
DIMENSION M T H T A ( 0 /3 1 6 0 ) ,
1 G T H TA (0 /31 60 ) r
1ANGLE(0 / 3 1 6 0 ) ,GAUSSX(3 1 6 0 ) , T A IL S (3 1 60 )
EQUIVALENCE (M TH TA (314 3 ) , NHOLD), ( MTHTA( 3 1 4 4 ) , NTERM)>
1 (M TH TA (3145 ) , NCOUNT), <MTHTA(3146) ,NSCAT),
1(MTHTA(3147)fMTHTSQ) f ( MTHTA( 3 1 4 8 ) , MU) y 
1 (MTHTA(3149) fM HLDFP)F(MTHTA(3150)fMTGCM2)F 
1 (M THTA(3151) fMFXMAX)f 
1 (M T H T A (3 1 3 2 ) fM A )F(M T H T A (3 15 3 ) fM Z ) f  
1 (M TH T A(3154) fN PAR T)F(M TH TA (315 5 ) , K D ISP ) f  
K M T H T A (31 56 )  fNCTRI)  f 
1 (M THTA(3157) fMCHICU)F
1 (M TH TA (3158 )fMRHO), (MTHTA( 3 1 5 9 ) iMENERG)









1 FORMAT(' TYPE *R '  I F  THIS IS  A RESTART, ' F$)
ACCEPT 6 F RESTRT
I F  (RESTRT ,EQ, ' R ' ) GO TO 15 
GO TO 21 
15 CONTINUE
OPEN (U N IT = 2 0 fF I L E = 'F O R 2 0 , D A T 'FACCESS=
1 'RANDOM'FMODE='BINARY'fDISPOSE=' SAVE' fRECORD SIZE=3160)  
REWIND 20 
DO 2 I = 0 f3 1 6 0  
READ (2 0 )  MTHTA( I)
2 CONTINUE
CLOSE (U N IT = 2 0 fD IS P 0 S E = 'S A V E ' fF I L E = ' F0R20,DAT' )
HOLDFP=FLOAT( MHLDFP) / I 0 0 0 0 0 0 ,0
TGPCM2=FL0AT(MTGCM2)/I0 0 0 0 0 0 .0
YMU=FL0AT(MU)/ I0 0 0 0 0 0 .0
THTSQD=FLOAT(MTHTSO)/ I0 0 0 0 0 0 .0
CHICUM=FLOAT(MCHICU)/I0 0 0 0 0 0 .0
FXMAX=FLOAT( MFXMAX) /lOOOOOO,0
A=FLOAT(MA)/ I 0 0 0 0 0 0 ,0
Z=FLOAT(MZ)7 1 0 0 0 0 0 0 ,0
RHO=FLOAT( MRHO) / 1 0 0 0 0 0 0 . 0
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ENERGY=FLOAT ( MENEFilG ) / lOOOOOO. 0
21 CONTINUE
I F  (NHOLD .EQ. 1) TERMIN='D'
I F  (NHOLD .EQ. 0)  TERMIN= 'T '
TYPE 5




3 FORMAT( '  TYPE "O '  FOR DECWRITER, ' T '  FOR TEKTRONIX. ' , $ )
ACCEPT 6 ,  TERMIN
6 FORMAT(Al)
I F  (TERMIN .EQ. ' D ' )  NH0LD=1 
IF  (RESTRT .EQ. ' R ' )  GO TO 22 
TYPE 17
17 FORMAT(' Z ,  A,  RHO, T ( I N  GM/CM2), ENERGY. ' , $ )




8 FORMAT(' NTERM = ' , $ )
ACCEPT 9 ,  NTERM
9 FORMATd)
TYPE 24
24 FORMATC RANDOM NUMBER SEED: ' , $ )








P I = 3 . 1415927 
HBARC=1,9733E-11 









BETA=SQRT( 0MEGA**2+2. 0*0MEGA) / ( 1 . O+OMEGA)
GAMMA=1 .0 /SQRT( 1 .0-BETA*)K2)
ALPH A=(Z *Z P IO N *F IN E ) / (B ET A )
AV0GAD=-^6.022E23 




T F R A D = 0 .8 8 5 * B 0 H R * Z * * ( - 1 . 0 / 3 . 0 )
V0=1.0/(TFRAD*WAVEK)
VC=0. 3 9 6 * Z P I0 N * Z * S 0 R T ( RHO*T/A) / ( PC*BETA)
VA = S O R T (V O * *2 * (1 . 13 + 3.76*ALPHA)K*2) )





ATMfïAD= ( 1.  4 0 E - 13 ) 5KA** ( 1.  0 / 3  . 0 )
VMAX"HBARC/< POKATMRAD)
TYPE 12
12 FORMAK '  NUMBER OF PARTICLES = '  , $ )
ACCEPT 13 ,  NPART
13 FORMATd)
TYPE 14
14 FORMAT( '  DISPLAY NUMBER = ' , $ )
ACCEPT 13,  KDISP
23 CONTINUE
I F  (TERMIN .EQ. ' Ü ' )  GO TO 16 
CALL I N I T K 1 2 0 )
16 CONTINUE
C CALCULATE FP USING THE FIRST BORN 
C TOTAL CROSS SECTION FOR A YUKAWA POTENTIAL,  AND
C THE THOMAS-FERMI VALUE FOR THE EFFECTIVE RANGE.
S I G M A = P I * ( T F R A D / Y M U ) * * 2 * ( ( 2 * Z P I 0 N * Z * E * * 2 ) /
1 (HBARCîKBETA) ) * * 2  




30 FORMAT( '  JUST RESULTS? ' ,$)
ACCEPT 3 1 ,  RESANS
31 FORMAT(A3)
IF  (RESANS .EQ. ' Y E S ' ) GO TO 1050
C MONTE CARLO LOOP
111 DO 1001 K-1,NPART
NC0UNT=NC0UNT+1
C SPECIFY POSITION OF PION AT I N I T I A L  COLLISION.
XCAP=0.0 
Y C A F -0 .0
ZCAP=-FPM*ALOG( 1 . 0 -RAN( J ) )
U 1X=0 .0  
U1Y=0.0  
U 1Z=1 .0  
190 NSCAT=N5CAT+1
C SELECT POLAR SCATTERING ANGLE CHI .
217 XRAN=RAN(J)
CHI=SQRT(XRAN/(1 .0-XRAN))*VMU 
I F  (CHI . L T .  VMU) GO TO 217 
I F  (CHI .GE. VMAX) GO TO 218 
NCTRl =nc:t r i  + i  
CHICUM==CHICUM+CHI)K*2
218 CONTINUE
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c  FIND MAGNITUDE OF VECTOR D.
D = S IN (C H I )
C GENERATE ORTHONORMAL VECTOR BASIS U l ,  U2, U 3 .
I F  (U IZ  .EQ. 0 . 0 )  GO TO 220
V 2 Z - -U 1 Y /U 1 Z
U2X=0.0
V2N0RM=SQRT( 1 . 0 T V 2 Z * * 2 )
U2Y=1.0/V2N0RM 
U2Z=V2Z/V2N0RM 
GO TO 240 
220 CONTINUE
I F  (U lY  .EQ. 0 . 0 )  GO TO 230 
. U2X=0 .0  
U2Y=0 .0  
U 2Z =1 .0  









C SELECT AZIMUTHAL SCATTERING ANGLE PSI IN  U l , U2,  Ü3 .
P S I = R A N ( J ) * 2 . 0 * P I
C FIND VECTOR D IN TERMS OF U2 AND U3.
DX=SIN(CHI ))K( COS ( PSI ) *U2X+SIN ( PSI ) *U3X ) 
DY=SIN(CHI  ) * (C O S (P S I  )*U2Y + SIN(PSI))KU3Y) 
DZ=SIN(CHI))K(COS(PSI )*L I2Z+SIN(PSI  )>KU3Z)





C SELECT FREE-PATH LENGTH.
FP=-FPM*ALOG( 1 . 0-RAN < J ) )
HOLDFP=HOLDFP+FP
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C CHECK TO SEE I F  PION HAS EMERGED FROM THE F O IL ,
I F  (ZCAP.GE,T)  GO TO 250
I F  ( Z C A P ,L E ,0 )  GO TO 250
GO TO 190
C NOW THAT THE PION HAS EMERGED FROM THE F O IL ,  DETERMINE
C THE ANGLE THETA.
250  DELTAR = S0RT(DELTAX**2+DELTAY*)K2-tDELTAZ*)K2)
THETA=ACOG(DELTAZ/DELTAR)
I F  ( THETA ,GT,  VMAX) GO TO 300 
THTSQD=THTS0D+THETA**2
C CONVERT THE ANGLE THETA INTO AN ARRAY INDEX.
300 ITHTA=(THETA>KFN2T0T) /PI+0,5
C TALLY THE ANGLE.
MTHTA<ITHTA)=MTHTA<ITHTA)+1
C SCALE GRAPH,
I F  (FXMAX,LT' .MTHTA( ITHTA) ) FXMAX^^MTHTAdTHTA)
I F  ( MOD(K,KDISP) ,EQ. 0) TYPE 888 ,  K 
888 FORMATd)
I F  (TERMIN ,EQ. ' D d  GO TO 1001 
KLEAR-KLEAR+1
I F  (KLEAR .EO. 70)  GO TO 890 
GO TO 1001 
890 CALL ERASE
KLEAR=0




A O U IT = P I * 1 0 0 0 ,0  
AINCR=(AQUIT-ABEGIN)/FN2T0T 
AN=ABEGIN 




I F  (TERMIN . EO, ' D d  GO TO 1150 
CALL ERASE
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1150 GXMAX=8.0 
GXMIN=3.0
CONST=E<ARNS/ ( ATOMS*T )
AN=AN4AINCR 
ANR=AN/1000.0  
DO 1200 1 = 1 ,N2T0T 
G T H T A ( I )= F L O A T (M T H T A ( I ) )
IF  (G T H T A ( I )  , L E ,  0 . 0 )  GTHTA( I ) =0 .0 0000 1  
GTHTA( I ) = ( GTHTA( I ) *C 0NST*1000 . 0 ) /
1 ( 2 , 0 * P I * F L 0 A T ( NCOUNT)*SIN(ANR))
GTHTA( I ) = A L 0 G 1 0 ( APS( G T H T A ( I ) ) )
AN=AN+AINCR 






DO 1165 I = N 2 T 0 T , 1 , - 1








DO 1170 1 = 1 ,N2T0T
GAUSSX( I ) =AL0G10( FXMAX*EXP( - A N * * 2 / ( 2 . 0 * S D X * * 2 ) ) )  
T A I L S ( I ) =ALOG1 0 ( ALPHA**2*BARNS/




B E G IN A = A B E G IN / ( 1 0 ,0 * P I )
Q U I T A = A 0 U I T / ( 1 0 . 0 * P I )
I F  (TERMIN .EO, ' U ' )  GO TO 1203 
I F  (MOIKNCOUNT,NTERM) ,EQ. 0)  GO TO 1201 
GO TO 1230
1201 TYPE 1180
1180 FORMAT( '  DO YOU WANT GRAPHS? ' , $ )
ACCEPT 1181» PLOTl
1181 F0RMAT(A3)
IF  (PLOTl .EQ, ' N O ' )  GO TO 1230
1183 CALL SETUP( 1 , 1 ,4»5 ,BEGINA,0UITA,GXMIN»GXMAX,1)
CALL PLSPLT( ANGLE » GTHTA» 1 »N2T0T » 1)
CALL DSHPLT( ANGLE » TAILS » 0 » N2T0T » 1)
CALL L IN P L T ( ANGLE »GAUSSX» 0 » N2TDT » 1)
CALL ERASE 
TYPE 980
980 FORMAT( '  DO YOU WANT GRAPH A G A IN ? ' )
ACCEPT 981» GRAF
981 FORMAT(A3)
IF  (GRAF , E 0 .  ' Y E S ' ) GO TO 1183
I F  (TERMIN ,EQ, ' T ' )  GO TO 1230
1203 I F  (CHECK ,EQ, 'R U N ' )  GO TO 1210



















NO. OF EVENTS (XZ)
TYPE 1204
FORMATC PRINT TABLE? '  , $ )
ACCEPT 1206,  TABLE 
FORMAT(A3)
I F  (TABLE .EO. ' N O ' )  GO TO 1230 
TYPE 1212
F O R M A T ( / / / , '  ANGLE (MRAD)
! ' , / >
DO 1230 I==l , 1 0 0
TYPE 1220 ,  A N G L E ( I ) ,  MTHTA(I)












OPEN ( U N IT =2 0 , F I L E = ' F0R20 . DAT' , ACCESS=
1 'RANDOM',MODE='B INARY', DISPOSE^' SAVE' , RECORD SIZE=3160) 
REWIND 20 
DO 1222 1 = 0 ,3 1 6 0  
WRITE (2 0 )  MTHTA( I )
CONTINUE
IF  (CHECK .EQ. ' R U N ' ) GO TO 983 
CONTINUE
CLOSE (U N IT=20 ,D ISPOSE: 'S AVE 
TYPE 1226 ,  NTERM, TERMIN 
FORMAT( '  NTERM = ' , 1 6 , '
CONTINUE
IF  (MOD(NCOUNT,NTERM) .EQ.
GO TO 111 
TYPE 1300
FORMAT(' CHOOSE ONE OF THE
, F I L E : 'F 0 R 2 0 . D A T ' )
TERMIN = ' , A 1 , / )








CHANGE N T E R M . ' , / ,  
CONTINUE. ' , / ,
f o l l o w i n g : ' , / ,






1 '   S T O P . ' )
ACCEPT 1302 ,  NEW 
FORMATd)
GO TO ( 1 3 0 8 , 1 3 0 8 , 1 3 1 1 , 1 1 1 , 9 8 2 ) ,  NEW 
GO TO 111 
TYPE 1306
FORMAK' TYPE "GO" AFTER ATTACHING. ' )
ACCEPT 1307 ,  ATT
FDRMAT(A2)
TYPE 1305
FORMAT( '  PROGRAM SUCCESSFULLY ATTACHED. 
TYPE 3
ACCEPT 6 ,  TERMIN
IF  (TERMIN .EQ. ' D ' )  NH0LD=1






IF (TERMIN .EQ. ' J ' )  NHOLD=0 
TYPE 1309
FORMAT(' RESET NTERM?',$)
ACCEPT 1310f RESET 
F0RMAT(A3)
IF (RESET .EQ. 'YES') GO TO 1311 
GO TO (111,1050,111,111,111), NEW 
GO TO 111 
TYPE 1312
FORMATC NTERM = '$ )
ACCEPT 1302, NTERM
GO TO (111,1050,111,111,111), NEW
GO TO 111




















I F  (TERMIN .EQ, ' T ' )  CALL ERASE 
TYPE 9 8 4 ,  NCOUNT
FORMATC TOTAL NUMBER OF PARTICLES = '  , 6 1 )  
AVGSCT=FLOAT(NSCAT) /FL O A T( NCOUNT)
TYPE 999, AVGSCT
FORMATC AVERAGE NUMBER OF SCATTERS = ' , F ) 
TYPE 8 8 9 ,  NCTRl 
FORMAT( '  NCTRl = ' , 1 1 0 )
AVGFP=HOLDFP/FLOAT( NSCAT-1)
TYPE 9 9 6 ,  AVGFP, FPM 
FORMATC AVGFP = '  ,1PE14 
TYPE 1350 ,  ENERGY, RHO 
FORMATC ENERGY = '  , F ,  '
TYPE 1351 ,  Z,  A
= •' , F ,  '
T,  TGPCM2 
= ' , F , '
BETA, ALPHA 


















FORMAT( '  PC - ' , F , '
TYPE 1007 ,  TFRAD, VO 
FORMATC TFRAD = ' , 1  PE 14.  7 ,
TYPE 1 0 0 8 , SIGMA, VA 
FORMATC SIGMA = '  , 1 PE 14 .7 ,
TYPE 1400 ,  VC, OMEGAO 
FORMATC VC = '  , 1 P E 1 4 .7 ,  '
TYPE 1401 ,  VMU, YMU 
FORMATC VMU = '  , 1PE 14 .7 ,  '
TYPE 1403 ,  VMAX, ATMRAD 
FORMATC VMAX = '  , 1 PE 14 .7 ,  '
B = 1 . 1 5 3 + 2 . 583*AL0G10(OMEGAO)
TYPE 1418 ,  B 
FORMAK ' B = '  , F 1 2 . 7 )
THETMS=:=SaRT ( B * V C * * 2 )
THTRMS=S0RT(THTSQD/FLOAT(NCOUNT))
TYPE 1419 ,  THTRMS, THETMS
FORMATC THTRMS = ' , 1 P E 1 4 . 7 , '  THETMS = ' , 1 P E 1 4 .7 )
CHIRMS=SQRT(CHICUM/FLOAT(NCTRl) )  
AVSCAT=ATOMS*SIGMA*T
ATMRAD =',1PE14.7)







THTMOl. = ' , 1 P E 1 4 . 7 )
THTMOL=SORT( 4 . 0*AL0G( 1 8 3 , 0 * Z * * ( - 1 , 0 / 3 , 0 ) ) /B)*THETMS 
TYPE 1427 ,  CHIRMS, THTMOL 
FORMATC CHIRMS = ' , 1 P E 1 4 . 7 , '  
THTAVG=CHIRMS*SQRT(AVSCAT)
TYPE 1429 ,  ANIEX 
FORMATC ANIEX - = ' ,1 P E 1 4 ,7 )
TYPE 1435 ,  THTAVG 
FORMAT( '  THTAVG = ' , 1 P E 1 4 . 7 )
[ I IFFER= ( ( THTAVG-THTMOL)/THTMOL ) * 1 0 0 , 0  
TYPE 1437 ,  DIFFER
A D IF F = ( ( THTRMS-THTMOL) /THTMOL) * 1 0 0 . 0
FORMATC EST. LUFF. FROM MOLIERE THEORY 
TYPE 1438 ,  ADIFF
FORMATC ACT. D IF F .  FROM MOLIERE THEORY
IF  (NEW ,E 0 .  5) STOP
IF  (CHECK .EQ. 'R U N ' )  GO TO 1223
STOP
END
,F 7 .2 ,
, F 7 . 2 , '  % . ' )
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
47
REFERENCES
1. E. R u th e r f o r d ,  P h i l .  Mag. 21, 659 (1 9 1 1 ) .
2 .  J .  J .  Thomson, P h i l .  Mag. 237 (1 9 0 4 ) .
3 . G. W en tze l ,  Ann. P h y s ik  69, 335 (1 9 2 2 ) .
4 .  W. T. S c o t t ,  R ev. Mod. Phys. 35, 231 (1 9 6 3 ) .
5 .  G. M o l iè r e ,  Z. N a t u r f o r s c h .  133 (1947);  78 (1 9 4 8 ) .
6 .  B, P . Nigam, M. K. S u n d a re san ,  and T. Y. Wu, P hys . Rev. 115,
491 (1 9 5 9 ) .
7 . U. F ano , P h y s .  R ev . 9 ^ ,  117 (1 9 5 4 ) .
8 .  E. V. H u n g e rfo rd ,  G. S .  M u tc h le r ,  G. C. P h i l i p s ,  M. L. S c o t t ,
J .  C. A l l r e d ,  L. Y. L ee , B. W. Mayes, and C. Goodman, N u c l .  Phys. 
A197. 515 (1 9 7 2 ) .
9 .  R. H. D a l i t z ,  P r o c .  Roy. S oc . (London) A206, 509 (1 9 5 1 ) .
10. G. Shen, C. A n k e n b ran d t ,  M. A ta c ,  R. Brown, S .  E ck lund ,
P .  J .  G o llo n ,  J .  Lach , J .  MacLachan, L . A. F a j a r d o ,  R. M alka,
J .  N. Marx, P . Nemethy, L. Rosselet, J .  Sandweiss, A. Schiz, and
A. J .  S l a u g h t e r ,  FERMILAB-Pub-78/72 (1 9 7 8 ) .
11. S c o t t ,  op .  c i t .
12. J .  W. Butler, in Symposium on Monte Carlo Methods, edited by 
H. A. Meyer (Wiley, New York, 1956), p .  249 .
13. Nigam, S u n d a re san ,  and Wu, o p .  c i t .
14. M. J .  B erger i n  M ethods o f  C o m p u ta t io n a l  P h y s i c s , V o l . JL, e d i t e d  by
B. A ld e r ,  S . F e rn b a c h ,  and M. R o ten b e rg  (Academic, New York, 1962), 
p .  135.
15. W. H. Barkas and  M. J .  B e rg e r ,  T ab le s  o f  Energy L o sses  and Ranges 
o f  Heavy C harged  P a r t i c l e s , (NASA SP-3013, W ash ing ton , B .C . ,  1964)
p .  102.
16. C. J .  J o a c h a in ,  Quantum C o l l i s i o n  T h e o ry , (N o r th -H o l la n d ,  A m ste r­
dam, 1975), p .  172.
17. G. C harpak , Ann. R ev. N u c l .  S c i .  2D, (1970) 195.
18. R. J .  Hayden, U n i v e r s i t y  o f  Montana, p r i v a t e  com m u n ica tio n ,  1979.
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
